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Summary 
E f f o r t s  on NASA G r a n t  NGR-22-010-018 f o r  t he  s i x  month per iod  ending 
February 1, 1969 were d i r e c t e d  toward two problems: (a) determining t h e  
s t a t i s t i c a l  p r o p e r t i e s  o f  the output o f  a Neural Pulse  Frequgncy Modulator 
(NPFPf) when the  i n p u t  i s  a zero mean s t a t i o n a r y  Gaussicm random process 
which i s  exponent ia l ly  au tocorre la ted ;  and (b) f ind ing  a s u i t a b l e  approach 
t o  t h e  s t a b i l i t y  ana lys i s  problem i n  sampled da ta  c losed loop cont ro l  
systems which contain a NPF modulator. 
De ta i l s  of progress  made on i t e m  (a) and (b) above are given i n  
sec t ions  I and 11 respec t ive ly .  The problem mentioned i n  (b) has  been 
e s s e n t i a l l y  solved. A paper  on t h i s  problem i s  be ing  prepared f o r  presen-  
t a t i o n  a t  t he  Midwest Symposium on C i r c u i t  Theory a t  t h e  Universi ty  o f  
Minnesota i n  May 1970. A copy o f  t h i s  paper  will be  forwarded i n  the  n e a r  
fu tu re .  
During t h i s  r epor t ing  per iod ,  two facu l ty  members devoted 10% o f  t h e i r  
time t o  t h i s  p r o j e c t ,  and two graduate s tudents  spent  SO% of  t h e i r  time on 
it .  The p r o j e c t e d  l eve l  of a c t i v i t y  for  the  nex t  s i x  month pe r iod  is  the  
same as t h a t  descr ibed above f o r  t h i s  r epor t ing  pe r iod .  The s t a t i s t i c a l  
ana lys i s  will continue and research will be s t a r t e d  i n  Optimum Pulse F re -  
quency Modulated Control Systems. 
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I .  STATISTICAL ANALYSIS 
I f  the i n p u t  t o  the NPFM u n i t  is a random process the output will 
be a t r a i n  of impulses where the s i g n  of the inpulse and the times of 
occurrence a re  random variables. Mathenati cal l y  , this phenomenon may 
be described by the equation 
03 
where an is a d i sc re t e  random variable w i t h  outcome - + 1 ,  tn i s  a random 
point process, and 6 ( t  - tn) is  a Dirac de l t a  function. 
The problem of i n t e r e s t  is  t o  determine the s t a t i s t i c a l  properties 
of output,  y ( t ) ,  when the i n p u t ,  u ( t ) ,  is  a zero mean s ta t ionary  Gaussian 
random process which is  exponentially autocorrelated. 
In, the  study of the  s t a t i s t i c a l  properties of the processes typ i f ied  
by Eq. (1 ) , the problem o f  calculat ing the average number, B , of 
i n  u n i t  time natural ly  a r i s e s  [l]. 
f i r s t  passage time of Brownian motion [Z]  i s  found useful. 
To determine B the concept of 
The i n p u t  s igna l ,  u ( t )  , i s  generated by passing white noise,  
mpul ses 
the 
w ( t >  Y 
through a s ing le  pole l i nea r  f i l t e r .  
of this system, where k and c a re  constants,  and r i s  the threshold 
level of the p u l s i n g  c i r c u i t .  
Figure 1 shows the block diagram 
Input NPFM 
Figure 1. NPFM with exporienti a1 ly  autocorrelated i n p u t .  
Since'. ( x ( t )  
t ion  probabi l i ty  density function f(x, u ;  t [  x(0)  = x o y  u(0) = u,) i s  
a solut ion of the Kolmogorov equation 
u ( t ) )  i s  a Markovian randoni vector process the  j o i n t  t r ans i -  
1 a 2 f  a f  a f  - a f  % - at - S  2 o T +  au, (-kxo i- u o ) - -  ax, 
'. . 
where so = Var[w(t)]. 
may be derived such t h a t  
From E q .  ( 2 )  a pa r t i a l  d i f f e ren t i a l  equation 
where ni = m(xo, u,) and i f  p(u,) i s  the probabi l i ty  density function o f  
uO 
Some methods of solut ion o f  Eq: ( 3 )  have been t r i e d .  
were a7 1 f o r m  o f  the standard "product solution" approach. 
These methods 
Additional 
approaches will be invest igated,  f o r  example, Green's function method 
[3] and numerical approaches [4]. 
Some experimental data has a1 ready been obtained t o  subs tan t ia te  
t h i s  analysis .  
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11. STABILITY ANALYSIS 
Pulse frequency modulation (PFM) i s  a method of coding information 
in to  the time interval  between s imilar  pulses and the polar i ty  of the 
pulses. One frequently used PFM scheme is known as neural pulse f re -  
quency modulation (NPFM). I t  is  characterized by a pulse firing when 
the output of a lowpass f i l t e r  of the form 1/(s  i. c) reaches a threshold 
level.  The time constant of the f i l t e r ,  c ,  is  a posi t ive constant. 
The f i l t e r  i s  rese t  t o  zero immediately following the pulse f i r i ng .  
The equations which describe NPFM are  
In Eq.  ( 1 ) ,  p ( t )  is  the output of the lowpass f i l t e r ,  c is  the time 
constant of the f i l t e r ,  r is  the threshold leve l ,  M i s  the strength of 
the output pulse y ( t ) ,  and tn is  the time the n t h  - pulse is  f i red .  The 
time tn s a t i s f i e s  Eq.  (2 ) .  
- i. r = Itn ( x ( t )  - c p ( t ) )  d t  
tn- 1 
where tn - i s  the time the ( n  - 1 ) s t  - pulse was f i r ed .  
Many authors [ l ,  2,  3 ,  41 have investigated various aspects of  
control systems containing NPFM, including s t a b i l i t y .  These invest igators ,  
however, assumed the s ignals  between the NPFM output and i n p u t  t o  be 
completely analog i n  nature. The important case of an e r ro r  sampled NPFM 
control system has not been previously reported; I t  i s  the s t a b i l i t y  
analysis of such a system which i s  developed i n  t h i s  paper. 
The block diagram of the system considered i s  shown i n  Fig. 1 ,  
where g ( t )  i s  the impulse response of the l i nea r  time-invariant plant 
and the NPF modulator i s  the only nonlinear element. 
Fig.  1 will be referred t o  as System I .  
The system of 
The NPFH model which was found most appropriate f o r  the s t a b i l i t y  
analysis i s  the approximate d iscre te  model reported i n  [5]. A block 
diagram of this d iscre te  NPFM model is  shown i n  Fig. 2a. Some limita- 
t ions of this model which were n o t  previously reported are developed 
i n  de t a i l .  
t h a t  the sampling period T2 must be small w i t h  respect t o  the time 
constants of the l i n e a r  portion o f  System I i f  the discrete  NPFM model 
is t o  closely approximate the model defined by Eqs. ( 1 )  and ( 2 ) .  
Par t icu lar  a t tent ion is  given t o  a c r i t e r ion  which shows 
Substi tution o f  the  discrete  NPFM model in to  System I and block 
In diagram manipulation lead t o  the System I equivalent of Fig. 2b. 
F ig .  2b, G ( s )  is the Laplace transform of the impulse response g ( t )  
shown i n  F ig .  1 ,  and Ho(s) is  the Laplace transform of the impulse 
response of the zero-order h o l d ,  h o ( t ) .  I f  Tl is  constrained t o  equal 
T2,  then the well-known s t a b i l i t y  techniques of e i t h e r  Tsypkin [6] o r  
Jury and Lee [7] can be used t o  determine the s t a b i l i t y  of the System I 
equivalent of Fig.. 2b w i t h  respect t o  a l l  i n i t i a l  conditions. Since T2 
must be small, the constraint  T1 = T2 i s  an extremely severe one since 
T1 would normally be chosen much la rger  than the small value required by 
Tp. I f  T1 does not equal T2 neither of the above-mentioned s t a b i l i t y  
techniques can be used since the transmission path f o r  the signal between 
.the nonlinear element output and i n p u t  becomes time varying i n  nature. 
To re lax the cons t ra in t  t h a t  T1 = T2, a modified version of the  
NPFM model of  Fig. 2a is  developed and is  shown i n  Fig.  3a. The paper 
shows how this model allows the s t a b i l i t y  analysis  o f  Jury and Lee t o  
be used f o r  the System I equivalent shown i n  F ig .  3b evsn though 
T i  f T2. 
Fig .  3a is a b e t t e r  approximation t o  a physically real izable  NPF 
modulator than the preliminary model of Fig .  2a. This follows from the 
f a c t  t h a t  a physical NPF modulator will have a maximum, f i n i t e  pulse 
frequency. The preliminary model does n o t  account f o r  this f ac t .  
can have an unl imited pulse frequency for large i n p u t  s ignals  and small 
In addition, i t  is shown t h a t  the modified NPFM model of 
I t  
sampling period, T2. However, the modified NPFM model wil l  have a 
maximum, f i n i t e  pulse frequency because the hard sa tura t ion  element limits 
the i n p u t  to  the lowpass f i l t e r  for large modulator i n p u t  s ignals .  
Assuming zero i n i t i a l  conditions, the maximum pulse frequency of the 
modified model is l/tmin, where tmin i s  the minimum time f o r  q ( t )  t o  
reach the threshold leve l .  In terms of L,, r and c ,  
1 LS = - l n  % i n '  c L, - r c  
To show t h a t  the modified NPFM model allows a l e s s  r e s t r i c t i v e  
analysis of System I than the preliminary model, the niodified model i s  
subs t i tu ted  f o r  the NPF modulator of System I. 
then leads t o  the System I ' equiva len t  o f  Fig .  3b. 
technique of Jury and Lee can be used on this configuration. The cons t ra in t  
on the relat ionship between T, and T2 i s  t h a t  T1 must be a ra t ional  
mu1 t i p l e  of T2. 
Requiring T1 t o  be proportional t o  T2 i s  a much l e s s  severe r e s t r i c t i o n  
Block diagram manipulation 
The s t a b i l i t y  analysis  
Since T2 i s  small, T1 can equal almost any desired value. 
than resul ted from the use of the.preliminary model i n  the analysis of 
System I .  
t ion t o  physical NPF modulators than the preliminary model , b u t  i t  a l so  
eases the conditions f o r  which System I can be analyzed us ing  the tech- 
nique o f  Jury and Lee. 
T h u s ,  the modified NPFM model i s  not only a be t t e r  approxima- 
An example i s  included in  the paper t o  demonstrate the usefulness 
of the NPFM model developed. 
theorem of Jury and Lee i s  given i n  re la t ion  t o  the System I equivalent 
of Fig .  3b. 
Also, a coBplete review of the s t a b i l i t y  
. 
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Figure 1. An e r ror  sampled HPFM control system. 
Figure 2a. A discrete  NPFM model. 
Figure 2b. A System I equivalent. 
Nonl inear i  t y  N, 
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Figure 3a. A physically r e a l i s t i c  HPFM model. 
!.I 
Figure 3b. A System I equivalent us ing  Fig .  3a. 
